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1. Introduction:

In recent decades, crime rates have increased dramaicdly in many Western
countries and crime has become a major issue of public policy, espeddly in the United
States. A very large literature has developed on the genera causes of, and the impact of
public policy on, crime. Yet no consensus has emerged on quite basic issues such as, for
example, the effect of incentives, both positive and negative, on crime. Leading consarvative
criminologigts such as Wilson (1975) argue the case for the effectiveness of the policies of
deterrence, and even though his origind position has softened somewhat (Wilson 1994), the
conclusions which he draws from the evidence are il quite different from those of liberds
such as Currie (1985, for example).

Economic andysis of the phenomenon of crime was simulated in the late 1960s by
the paper by Becker (1968). In this framework, agents in the market for crime - for
example, criminas and the law enforcement agencies - are assumed to act in accordance
with the rules of optimising behaviour. They are able to both gather and process substantia
amounts of information efficiently in order to form expectations on the likely costs and
benefits associated with different courses of action, and to respond to incentives and
disncentives in an gppropriatdy rationd manner. Thisis in marked contrast to the tenets of
conventiona criminology (for example, Nuttall 1994 and Gottfredson and Hirshi 1995), in
which thetypica crimind is portrayed as having difficulty identifying and assessing dternative
courses of action, rarely thinking through the consequences of actions, and not thinking
about possible punishments.

But even amongst research carried out within the common framework of economic
theory few clear conclusons emerge. Ehrlich (1996), in an excdlent expostion of the



gpproach to crime based upon such theory notes that the empiricd literature is ‘'voluminous.
However, he gates that on the crucid quedtion of the impact of pogtive and negative
incentives on crime, it would be premature to view the empirical evidence as conclusve.
Ehrlich notes that the quantitative estimates of such effects vary, even to the extent of a
minority of studies failing to find any effect a dl, and part of his pagper is devoted to a
discusson of the potentid reasons for this, not leest of which is the intringc limitations of
crime statistics. Indeed, an awareness of the often serioudy unreliable nature of the gatigtics
is one thing on which most economists and criminologists find common ground.

In this paper, we offer a different methodologica approach to the process by which
crime rates spread (or contract) over time. Our am is not to account for the path over time
followed by any particular set of crime rates, whatever the degree of rdiability which might
be atached to any available data. In principle, the moded could be cdibrated to a particular
data series, but our purposeis to give a generd description of how crime rates change over
time.

The gpproach is amilar to that used in mathematica biology to describe how
potential epidemics are either spread or contained in a population (see, for example Murray
1990). We divide the population a any point in time into a smal number of discrete groups
which differ in their potentid to commit crime. There is a st of flows between these groups,
whose overdl effect describes the evolution of crime rates. The flows are postulated to
depend upon key dements identified in the literature, such as the impact of incentives or
generd socid and economic conditions.

An essentid dement in thismodd is socid interaction between individud agents. The
model is developed at the aggregate level, describing the outcome of decisions made by
individua agents of whatever degree of (bounded) rationality might be thought gppropriate.
Individuas form views on what we might call externd factors, such as the overal socid and
economic conditions and the punishment Sructure, and use these to determine their
movement or otherwise in or out of the different categories of agent in the modd. But they
are dso influenced by the behaviour of others, in two senses.

Firgt, the grester the proportion of agents in any given populaion who are aready
criminds, the more likdly it is that any other individua will convert into becoming acrimind.
Second, the greater the proportion of the population who are wholly disinterested in being
criminds, the greater the pressure on those who are criminds to become law- abiding.



The importance of socid interaction for overdl outcomes is one which is often
sressed in the conventiond criminology literature and, more generdly, within the discipline
of sociology. Recently, economists have begun to develop more forma modes which take
this into account, and the paper by Glaeser et.a. (1996) provides empirica evidence of the
importance of socid interaction. In a number of ways our mode is sSmilar to that of Glaeser
et.d., but there are important differences which are documented in section 3 below.

Section 2 gives an overview of the mode, and section 3 sets out the formd
mathematica specification, dong with a description of the criteria we use in order to
evauate the modd. Section 4 discusses its properties, and in particular the sengtivity of
crime rates to the various factors in the modd.

2. The dynamics of crime: an overview

We can think of the population as being divided conceptualy into three groups.
Firgt, those who are not susceptible to commit a crime (denoting this group subsequently as
N, for 'not susceptibl€). In other words, individuals with a zero probability of committing a
crime. As anot unreasonabl e approximation, for example, most women, certainly those over
25, might be placed in this category, as might most pensioners. We should stress, however,
that the word ‘population’ does not necessarily refer to the population of an entire nation,
and could equally well gpply to that of an individud city or even a neighbourhood within a

city.

The second group is made up of the susceptibles (S), those who have not yet
committed a crime, but might well do so. It is very wel documented in the criminology
literature that young men in their teens and early twenties are particularly prone to commit
crimes (see, for example, Austin and Cohen (1995) and Delulio (1996)). Of course, by no
means al men in this age group actudly commit crimes, but there is a high propensity to do
50, from acts of minor vandaism carried out in what used to be known as 'high spirits, to
brawling in public, through to far more serious crimes.

The third group is made up of those who are active criminds (C). These three
groups, N, S and C by definition make up the whole population.

Of course, moddlling the proportion of any given population in the Crimina category
does not necessarily describe the evolution of crime rates over time. In some aress, such as
vehicle crime, the increasein opportunity afforded by the spread of car ownership hasled to
the typicd car crimind committing many more offences per unit of time. But a description of



how the number of crimes committed by each crimina per unit of time evolves over time
could eadly be added to the modd to give this information. Our concern is to describe the
processes which determine the proportion of the population who are in the crimind category
a any pointintime.

There are undoubtedly many factors which govern both membership of and
movement between the various categories over time. Some will be of lagting influence, and
some will be ephemerd. The am of the modd is to synthesise the key dements which give
rise to changes in the relative size of these groups over time, in order to improve our
understanding of the dynamics of the behaviour of crime.

An essentid part of the mode is the influence of socid interaction on the behaviour
of agents. The importance of this phenomenon is wdl documented in the literature of
criminology and, more generdly, in that of sociology itsdf. Currie (Op.cit.), for example,
discusses the very wide varigions in crime rates which are often observed between the rura
and urban sectors of poor economies, attributing in large part the low ratesin the rurd areas
to the community relationships which both foster a sense of belonging and provide ‘the
sdting in which informa socid sanctions againgt aggresson and crime can operde
effectivey'.

We dso introduce potentia influences from demographics, overal socid and
economic conditions, and the deterrence effects of the crimina justice system. These appear
to be the key externd factors identified by the literature, even though, to dress again, the
literature is very divided as to the relative importance of these varidbles.

We represent these elements by means of a small number of distinct flows between
the three groups of the population. The flow from Non-susceptible to Susceptible is
postulated to be due primarily to demogragphic movements in the population.

There is a reverse flow from Susceptible back into Non-susceptible, and threemain
factors are assumed to underlie this flow. First, demographics may again be important.
Some young men, for example, pass through the years when they are particularly susceptible
to commit crimes without actualy doing so. Second, we should dlow here for the possibility
that deterrence - or 'negative incentives in the economic literature - may act as afactor in
removing people from the susceptible category. Third, favourable socid and economic
conditions may induce people to move back into the non-susceptible category.



There is dso a flow out of the Susceptible category and into the Crimind. We
assume that part is due to the net effedt of sociad and economic conditions and deterrence.
The flow dso arises because of socid interaction, with susceptible individuds being
influenced by the behaviour of those who are areedy criminas.

Findly, there is a flow from the category of Criminals to the Nonsusceptibles.
Again, in part a number of peaple abandon crime in response to the net effect of socid and
economic conditions and deterrence. In part, the extent of general socid disgpprova of
crimind activity isaso postulated to determine this flow.

As an overview, we have the following flows in the modd between the three
categories of the population, dong with our interpretation of the main factors underlying each
of them:

From Non- susceptible to Susceptible:
demographics

From Susceptible back into Non-susceptible:
demographics, deterrence, socia and economic conditions

From Susceptible into Crimind:
i) deterrence, socid and economic conditions
i) socid interaction

From Criminal to Non-susceptible:
i) deterrence, socid and economic conditions
i) socia disapprovd

The modd could be extended by, for example, splitting the crimind category into
two, namdy the occesond and the habitud crimind. Following the semind work of
Wolfgang (1972), it has become well established that a smdl minority of criminds are
responsible for a very disproportionately larger percentage of crime committed. Wolfgang,
in astudy of youths in Philadel phia, found that 6 per cent of boys were responsible for over
haf the totd crimes committed by their age cohort. Nuttal (op.cit.), surveying the
subsequent literature, confirms Wolfgang's initid finding and Sates that 'Six per cent of
offenders are respongible for between 65 and 75 per cent of known offences. A further,



related, extenson would be to include explicitly the proportion of the population held in
prison a any onetime

But these extensons would not redly add a greet ded to the insghts which this
system provides into the dynamics of crime, for two reasons. Firt, the proportion of the
population in the 'habitud' and 'prison’ categories a any point in time is smal relative to
thoszinthe N, Sand 'occasiond crimind' categories, and so many of the main properties of
the extended system can be understood by first anadysing the latter three in isolation.

Second, to a large extent the habitua and prison categories would form a sdif-
contained loop in the system. It would not be unreasonable to assume as an gpproximeation
that no-one moves directly from the N or S categories directly into the habitua category,
and that the flow into this latter comes exclusively from the ‘occasiond’ category. Similarly,
as an gpproximation the flow into prison only comes from habitud criminds, snce it is they
who, by ether persstence or seriousness of offence, are far more likely to merit it than are
occasond criminas. Further, given the high rates of recidivism, a subgtantial part of the flow
out of prison is back directly into the habitua category.

As noted above, a key feeture of the modd is socid interaction. A smal number of
more forma modes of the process of crime have dready been developed which take this
into account in andysing crime, such as Sah (1991), Murphy et.al. (1993) and Glaeser
et.al. (op.cit.). Thefirst two papers rely upon very specific assumptions in order to be able
to generate multiple solutions to the mathematica eguetions. In Sah, the choice of any
individua to become a crimind lowers the probability that any other crimind will be
arested. On the assumption that the police cannot arrest more than a fixed number of
criminds, when crime increases the probability of arrest fals. In Murphy et.al., high levels of
crime crowd out legd activities so, for example, when the number of criminds rises, the
returns from not being a crimina fall because legd revenues are golen by criminds.

Glaeser et.al., whils welcoming the use of socid interaction terms, criticise these
two papers on the grounds that multiple equilibria models should predict that the data for,
say, crime rate across cities in the US, should be clustered into a smal number of
distributions corresponding to the number of equilibria. They find that the actud data shows
congderably more variance than this implies. The criticiam only gppears vdid, however, if it
is assumed that the parameters of any particular mode are fixed across cities. Prima facie,
there is no reason to beieve that the parameters of a mathematicad modd describing, for
example, crimein Chicago should be the same as those describing crimein New Y ork.



The Glaeser et.al. modd is based upon the behaviour of individua agents a a very
local leve, in which there are three types of agent. The firs two are those who are die- hard
lawbreakers and those who are diehard law-abiders, neither of which are influenced by the
actions of others. The third category imitates the behaviour of hisimmediate neighbour. The
authors gtate that the first two types are maximising utility by making their choice, but thisis
not grictly relevant to their mode. In one sense, the oirit of their mode is certainly in
keeping with our own in that it is not necessary to specify any of the factors which determine
whether or not, for example, an individuad chooses to be a diehard crimind. The modd
anayses the conseguences once such a decision is made.

In our modd the socid interaction is postulated to work & the aggregate leve, with
the tota proportion observed in the C category influencing the decision of people to convert
from S, but as Glaeser et.al. note idedly, amodd might contain both locd interactions and
globd interactions.

An essentid difference between the two, however, is in that our modd, implicitly,
any individua agent can be influenced by socid interaction. The Glaeser et.al. modd rests
on the assumption that there is a proportion of the population who are potentid criminas
who do not respond under any circumstances to such interaction. Indeed, one of the main
purposes of their paper isto try to identify this proportion across the cities and precincts of
the United States. In our modd, athough in equilibrium the proportion of the population in
each category is fixed, flows between the categories continue to happen. Implicitly, even
hardened criminals are redeemable and can be turned from crime.

3. Theformal modd:

In this section we develop a forma mathematical mode of the flows described
above. For the most part, in the absence of good evidence to the contrary, we make the
smplest possible assumption, namely that the flows into and out of any particular group are
proportiond to its size. This is perfectly judifiable, since the lack of conclusions in the
empiricd literature on the impact on crime of the factors listed above meansthat thereislittle
guidance as to how we should express these factorsin aforma, mathematica way.

Condder firg of dl the flow from the non susceptible into the susceptible category.
We mentioned above the demogrephic factor of the proportion of young men in a
population as a potentia key determinant of crime rates, and we interpret the strength of this
particular flow in our modd to be determined by demographics. The assumption that a



constant proportion of the Non susceptibles flows into the Susceptible category leads to the
differentid equation for N,

dN/dt = - gN

where q is a congtant which measures the size of the flow. The congtant g must be positiveif
it isto represent aflow out of N.

There are severd other flows into and aut of the Non-susceptible category that must
be included in the equation for N. There is aflow from the Susceptibles back into the Non-
susceptibles which we take to be a constant proportion of S. This givesrise to aterm nSin
the equation for dN/dt where the congtant m messures the size of the flow, and it too is
assumed to be positive.

As discussed above in section 2, there are three main factors assumed to underlie
this flow from S to N, and the single parameter, m captures ther overdl net effect. The
relative weight which one assgns to these three factors will obvioudy depend upon one's
interpretation of the diverse empiricd results which exigt.

There is ds0 a flow from the category of Criminds to the Non susoeptibles. The
pressure on criminds to drop out of the Crimind caegory will depend not just
(proportiondly) upon the net effects of deterrence and socid and economic conditions, but
aso on the extent to which it is the object of socid disgpprova. Far the sake of smplicity,
we express socid disapprova as a function of the numbers who are in the Non-susceptible
caegory a any point in time. But the impact of disgpprovd is unlikely to be one of smple
proportiondity to N. Where N is dready high, further increases may well havelittle effect in
influencing the smal number who are criminds, whilst for low vaues of N, in areas where
crime has dmost become the norm, further declines may dso have little effect.

These effects are captured by the function b which is defined by

b(N)=b1+bo/(1+exp(-r(N- Ng))).

The parameters b1, b etc. need some explanation. For low vaues of N, the value of b is
approximately b ; which therefore represents the net effects of deterrence and socid and
economic conditions. The effects of socid disgpprovad are only felt for sufficiently high
vaues of N when the vaue of the function is gpproximately b, + b,. The other parameters
N¢c and r determine respectively the vaue of N for which socid disgpprova  becomes



ggnificant and the sengtivity of disgpprova to changes in the vaue of N. A plot of the
function is shown in figure 1 for the parameter vdlues b1 = 0.1, b2 = 0.3, r =25, N¢ =
0.75. We assume that b(N) is the proportion of the Criminds flowing into the Non-
susceptibles.

The equation for N can then be written in full,
dN/dt=- gN + n§+b(N)C D
where C denotes the proportion in the Criminal category.

The equation for the Susceptibles, S, isderived in asmilar way. Part of the flow out
of the susceptible category into crime itsdlf is due to socid and economic conditions, but that
thisis potentialy reduced by the impact of deterrence. In addition, we alow for the effect of
socid interaction. The greater the proportion of a population who are dready criminds, the
more likdly it is that the process of socid interaction will encourage others to move from
being merely susceptible to crime to committing crime.

The equation for S istherefore given by,
dSdt=gN- nB- aS- |1 SC )

All of the termsin the remaining equation, the equation for C, have aready appeared
in equations (1) and (2) but they appear here with their signs changed, i.e.

dC/dt= aS+1 SC- b(N)C. 3

Our mode is completed by the identity which states thet the population, however it
is defined, is comprised of the sum of the prgportions in the three categories:

N+S+C=1 4
The proportions could be agpplied to a population to give the numbers in each of the
categories if necessary and the population could be either congtant, growing or even fdling.

Equations (1) to (4) taken together formaise the model.

Each of the parameters in the equations - a, b and so on - is meant to reflect the
impact of one or more key factors which influence the process of crime. The rddive



importance of the factors which underlie them are a maiter of one's interpretation of the
empiricd literature on crime. Condder, for example, the a Sterm in the dSdt equation. The
parameter a is intended to capture the net effect of the impacts of deterrence and generd

sociad and economic conditions (negative and positive incentives) on the decision to become
acrimind. The literature gives scope for awide variety of views on the relaive importance
of these two effects. Therefore when it comes to choosing a vaue for this parameter, its
value could be interpreted as representing the effect of deterrence if we fdt that this largely
outweighed socid and economic conditions. On the other hand, if we made the judgement
that deterrence had little effect, a would be interpreted as the effect of socid and economic
conditions. Once this is decided, the effect of varying the sze of a reative to the other

parameters shows the effect of varying the rdative importance of this particular link in the
system. For example, increasing its vaue compared to, say, m examines the consegquences
of the generd factors which lead to an outflow from Susceptibles into Criminas becoming
stronger compared to those factors which lead Susceptibles to move back into the Non-

susceptible category.

There are severa points to bear in mind when discussing the success or plausibility
of the moddl. We are not, to emphasise again, attempting to account for any particular set of
observed crime rates, so the standard Stetistical criteria of econometric work, for example,
are not rdevant. (It should adso be said, however, that given the falure of such work to
produce anything like a consensus on the determinants of crime, the gpparent rigour of such
testsin theory is very much wesker in practice). We do not attempt to disguise the fact that
there are no formd criteria and that ultimately the plaugibility of the modd is a maiter of
judgement, but we st out a number of criteriawhich it should satisfy.

The underlying rationae of the modd implies, for example, that a higher value of a ,
say, or of q should eventudly lead to a higher level of crime - to agreater proportion of the
population being in the Crimina category. So it is essentia that the modd as a whole
preserves these quditative properties which underlie eech individua expressionin it. It is by
no means guaranteed that the system of coupled nonlinear differentia equations will behave
in the way we might expect from each single equation considered in isolation.

A second, very important, criterion of plausibility is that the system should be able to
generate a wide range of solutions particularly for the value of C, with respect to reatively
smdl variationsin the vaues of the parameters. An important stylised fact about crime rates
is their enormous variation, both over time and, especidly, over space. Thislater holds not
just in terms of internationd comparisons, but within individud countries. The variation
gppears to be congderably more subgtantia than that of factors which might be thought of
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as possible contributors to the crime rate. So reasonable variaions in the vaues of the
parameters should be able to produce a wide range of solutions.

Third, the modd must give rise to solutions which are meaningful, in the sense that
sgnce N, S and C are proportions of any given populétion, their values cannot be less than
zero, nor grester than one. Therefore, sarting from any meaningful set of initid vaues, the
modd must not be able to generate solutions which, whilst vaid mathematicdly, neverthdess
violae this regtriction.

It is more difficul to judge the significance of the value of any individud parameter
as such, not least because of the darming lack of consensus in the standard literature on the
effects of various factors on crime rates. However, it would be a weakness of the modd if
reasonable solutions could only be generated if one or two of the links were very much
stronger than the rest. If this were the case in actud redlity, we would expect the exigting
literature to have come to something more of a consensus than is actudly the case.
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4, Analysis of the mathematical mode

The formd mathematica mode is given by the system of equations (1) - (4) and as
these are differentid equations, their solution is a set of functions of time N = N(t), S= S(t)
and C = C(t) for al vaues of timet greater than some suitable starting point t = t,.

In sudying a sysem of differentid equations we want to understand how the
solutions behave over time and how they depend on the vaues of the parametersa , b, |
etc. As we will see, these equations have an atracting limit point, i.e. there is a vdue C.
such that C(t) tends to G as't increases regardless of the initid vaue for C. The other
variablesSand N aso tend to alimiting vaue.

The firg sep in andysing this system of eguations is to verify that the solutions are
consstent with our interpretation. Since N, S and C represent proportions of the population
in different groups, they should aways sumto 1. That isto say,

N(t) + S(t) +C(t) =1 )

should hold for dl vaues of time t. This can be verified eesly. We assume thet the initid
vaues of thevariablessumto 1, i.e.

N(to) + S(to) + C(to) =1.
If we take N(t) + S(t) + C(t) as asingle quantity and differentiate it with respect to timet, its
derivative is O for dl vaues of t. Thisis no more than to say that the terms on the right hand

Sdes of equations (1) - (3) cancel out. Therefore the vaue of N(t) + S(t) + C(t) is constant
over time.

It is another matter to show that each of the variables lies between 0 and 1. Asa
firdt step in this direction, we smplify the system of equations (1) - (4) by diminaing the
vaiable N. On subgtitutingN =1 - S- Cinto equations (2) and (3) we obtain

dS/dt=q(1- S- C)- nB- aS-1SC (6)

dC/dt=aS+1 SC- b(1- S- C)C 7

A solution to this system of equations then gives a solution of equations (1) - (3) by putting
N(t) =1- St) - C(t).



These equations can be made more smple agan by diminating one of the
parameters. We do thisby setting g = 1 which gives the equations

dYdt=1- S- C- nB- aS- | SC )
dC/dt=aS+1 SC- b(1- S- C)C 9)

The solution to the system of equations with g * 1 can be derived from the solution for g =
1 with modified values of the other parameters as follows. Supposethat S = S(t'), C =
C'(t') isasolution of equations (8) and (9) for the parametersa’ =a/g,| ' =1 /g, M = miq
and b’ =b/g. By amply carrying out the cdculations for their derivatives, it can be seen that
S(t) =S (gt) = S (') and C(t) = C'(qt) = C (') give asolution of the origind equations (6)
and (7) for the origind parameter valuesa, | etc.

Now we return to showing that the solutions of the equations lie between 0 and 1.
This requires that the solutions S(t) and C(t) to equations (8) and (9) both lie between 0 and
1 and in addition that S(t) + C(t) is lessthan 1 so that N(t) = 1 - S(t) - C(t) ds0 lies
between 0 and 1. This can be summarised neetly in a geometrica way by saying thet the
point (S(t), C(t)) must lie in the triangular region T of the plane defined by

T={(SC):0ESE£LO0EL£CE£1and0E£S+CE 1}
for dl vauesof t.

It will hdp in understanding systems of differentia equations and their solutions to
introduce the idea of a vector field. A vector fidd is a function or rule that associates a
vector with each point in the plane in exactly the same way that a function of one variable
associates avaue or number with each point on the line.

A vector field can be plotted. Suppose that a vector field denoted by f isdefined on
some region of the plane, and choose a grid of points that covers the region. At each point x
on the grid, the vaue of the vector field f (X) is a vector. To plot the vector fied, draw an
arow representing the vector f (x) from the point x. (Depending on how you think of a
vector, the arrow either represents or is the vector f (x). The arrow pointsin the direction of
the vector and its length is equa to the norm of f (x).) The pattern of the vectors plotted in
this way gives a good indication of the vector fied.



The systlem of differentid equations (8) and (9) is equivaent to a vector fidd. The
vector field associates the point with coordinates (S, C) in the plane with the vector (dS/dt,
dC/dt). Any system of differentid equations can be expressed in thisway. A solution of the
equations (S(t), C(t)) traces out an unbroken curve in the plane as t increases. It has the
property that at each point (S, C) on the curve, the tangent to the curve is the value of the
vector field at that point, i.e. (dS/dt, dC/dt).

Viewing the equations as a vector field it becomes clear that in order to show that a
solution with vaid initid vaues remainsin the region T, we Smply need to verify that a eech
point on the boundary of T the vector fidd given by (dSdt, dC/dt) points towards the
interior of T. This ensuresthat a solution that sartsin theregion T taysindgde T sinceit can
not crossits boundary.

We can now examine each section of the boundary of T in turn. The section thet lies
on the S-axis has coordinates C=0and 0 £ S £ 1. From equation (9) it follows that

dC/dt = aS.

Provided 0 < S< 1, dC/dt > 0 since we assume a > 0 and therefore the vector (dS/dt,
dC/dt) points upwards towards the interior of T regardless of the vaue of dS/dt. The vaues
S=0and S =1 must be looked a more closely. When S = 0 (and C = 0), the vector
(dS/dt, dC/dt) is equa to (1, 0) which runs dong the S axis S0 thet the solution till remains
insde T. At the other point where S = 1, (dS/dt, dC/dt) isequal to (- m- a, a) and since
m> 0, this vector points below the line given by S + C = 1 which forms pat of the
boundary of T.

Similar caculations show that the vector fidd (dSdt, dC/dt) lies ether dong the
boundary or points towards the interior of T on the two remaining sections of the boundary
of T. Therefore given vdid initid vaues (S,, Cp) the solution to equations (8) and (9) liesin
theregion T and can be interpreted as representing proportions of a population.

Now we turn to the behaviour of the equations as a function of time. We first look
for equilibrium points, that is points (S, C) where the vector field is zero or equivaently
dS/dt = 0 = dC/dt. It is difficult to solve such equations andyticaly so we rely on numerica
goproximations.

Before tackling equaions (8) and (9) as they stand, we try a number of smpler
cases. Although the smplified equations are no longer suitable formdisations of the mode
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St out in section 2, thelr properties do indicate the likely behaviour of the full equations.
Andydng the smpler cases dso provides hints as to how to solve the more generd
equations.

When b isacongtant and the parameter a is zero, the equations can be solved quite
eadly. It can be shown that in this case there is an attracting equilibrium point, i.e. a point
(S, C) such that (S(t), C(t)) tendsto (S, C.) astincreases regardless of the initid vaue
(S(0), C(0)) of the solution. The steps involved in demongrating this are not very difficult

and are Smilar to those given below for adightly more general case.

We now dlow a to be non-zero but ill assume b is condant. To find an
equilibrium point we must solve the equations

dSdt=1- S- C- nB- aS-1SC=0
dC/dt=aS+1 SC- bC=0

for both Sand C. This can be done by solving each separate equation for C interms of Sto
give

C=(1- (1+a+mM9/@+19 (10)
from the equation dS/dt = 0 and
C=aS/(b-19 (12)

on putting dC/dt = 0. Equating these two expressions for C leads to a quadratic equation for
S

| (L+mS - ( +b(l+m+a)+a)S+Db=0. (12)
The nature of the roots of the quadratic equation aS +bS+ c = 0isdetermined by
the discriminant D= b? - 4ac. If D> 0 then there are two redl valued solutions, if D = 0, just
one red vaued solution but if D < 0 then the solutions are complex rather than red vaued.

The discriminant of equation (12) isgiven by

D=(I +b(1+m+a)+a) - 4l b(1+m. (13)



Thefirg of these terms can be rearranged to give
(I +b(1+ m)* + other tams

where the other terms are sums and products of the parametersa, b, | and mwhich aredl
postive. Theterm (I + b(1 + nj)2 and the second term on the right hand side of equation
(23) can be combined and smplified to give (I - b(1 + n))2 (the + sgn has changed to a -
sign). The discriminant can now be written

D=(l - b(1+ rT))2 + other terms.

Since the squared term and the other terms are both positive, o too is the discriminant.
Therefore there are two red valued solutions for Sin equation (12).

For each solution S of equation (12) thereis a corresponding vaue of C that isgiven
by subgtituting the vaue for S into ether equation (10) or (11). This yields two points (S,
C,) and (S,, C,) that are equilibrium points of the vector field, i.e. points where the value of
thefidd is the zero vector. The solution to the differentid equations with the initid vaue (S,
C,) istherefore congtant, i.e. S(t) = S; and C(t) = C; for dl vduesof t.

Only one of the equilibrium points fdls in the region T and is vdid for our
interpretation of the modd. The C co-ordinate of the other equilibrium point is negative o
thet it lies wel outside this region. (Although this does not follow immediatdy from the
andyds shown above, it will be borne out by the examples given laer)) Given that any
solution with itsinitid value in T remains ingde the region, we might expect the equilibrium
point that doesliein T to be an attracting point.

As we will see, when b isnot held constant, equations (8) and (9) can have both
stable equilibrium points and saddle points.

The stability properties of an equilibrium point can be determined by meking alinear

gpproximation to the actud equations and then examining the sability of the linear
goproximation. The stability properties of linear differentid equations can be worked out

very esdly.
Suppose we have the linear differentia equation

dx/dt = Ax (14)
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where x is now a vector in two dimensions, A isa2 =~ 2 matrix and on the right hand sde
AX is the product of the matrix A and the vector x. It is clear that the origin (O, 0) is an
equilibrium point for equation (14) and provided that A hasfull rank, it isthe only equilibrium
point. The stability properties of the origin depend in avery smple way on the eigenva ues of
the matrix A. If both the eigenvalues of A have negative red parts, then solutions that Sart
near the origin are drawn closer to it and the origin is an attracting equilibrium. On the other
hand, if both eigenvaues have postive red parts, it is an ungable equilibrium point. The only
remaining case is when the redl part of one eéigenvaue is positive and the other negative. This
makes the origin a saddle point and the stable axis is in the direction of the eigenvector
corresponding to the eigenvalue with negative red part, the other eigenvector determines the
unstable axis since its corresponding eigenvaue has postive red part.

We now apply this technique to andlysing the stability properties of the equilibrium
point that lies in T. Denote this point by (S., C.). We need firs to make a linear
approximation to the vector fied that holds good in the neighbourhood of (S-, G). The
vector field can be regarded as a map from two dimensona space to two dimensiona
space. The derivative of this map evaduated at the point (S-, C+) gives the linear
approximation we are looking for. The derivative can be written as a matrix D.. (Thisan
extensgon to two dimensions of the idea that the derivative of afunction f of one variable a a
point x is the dope of the line tangent to the graph of the function at the point x. The line
tangent to the grgph is a linear map or function gpproximating the function f in the
neighbourhood of x.) Taking the derivative of the vector fidd is not to be confused with the
fact that these equations dready involve a derivative, namely a derivative with respect to
time. The derivative of the vector fidd involves the partid derivatives of each of the right
hand sides of equations (8) and (9) with respect to the variables Sand C.

When the derivative of the vector field is caculated, the eigenvalues of the mairix D+
immediatdly determine the dtability properties of the equilibrium point (S, C). The
eigenvaues of the matrix both have negative red parts so that the equilibrium point is stable.
(This was dso confirmed by numerical solutions of the differential equations, regardless of
theinitid vaue, the solution tended to (S+, C+) withincreesng timet.)

Now we congder the general case where b is a function of the proportion of non-
susceptibles N =1 - S - C. When b is no longer hdd congtant the behaviour of the
equationsis much richer. It is possible that as one of the parameters in equations (8) and (9)
is increased while the others are held fixed, two other equilibrium points appear, one of
which is stable while the other is a saddle point. As the parameter is increased further two of



the equilibrium points codesce leaving a sngle sable point again, in other words a
bifurcation exists.

Finding the equilibrium points for the full sat of equations is quite a bit more difficult
than the case we have just consdered since it involves solving the equations

dSdt=1- S- C-nB- aS-1SC=0

dC/dt=aS+1 SC- b@d- S- C)C=0

for S and C where b is now afunction rather than a congant. The point (S, C. ) will bean
equilibrium point for equations (8) and (9) if it hgppens to coincide with the equilibrium point
for the case where b is congtant and takesthe vaueb = b(1- S - C.). Wecanuse a
graphical method to find the point where they coincide.

Suppose for the moment that N is fixed. The vaue of N determines the value taken
by the function b . For any constant b we can find an equilibrium point (S«, C. ). Let (S (N),
C+(N)) be the equilibrium point for the vdue of b given by N. The vaue of N aso
determinesalinein T,i.e N=1- S- C can berearranged to give Cintermsof S,

C=(-N)-S

which is the equation of aline with adope of - 1interceptingthe C-axisat 1 - N. We have
found an equilibrium point if (S (N), C«(N)) lieson thisline.

We define a function g to measure the vertica distance between the point and the
line,
9(N) =C(N)- ((1- N) - S«(N)).

By plotting g(N) against N, the values N. for which g(N-) = 0 can be found. The equilibrium
points are thenthe points (S (N), C+(N)) corresponding to N = N-.

Platting g dso alows us to see the bifurcation described above. Figure 2 shows a
plot of gN) againg N for two different vaues of the parameter a while the other
parameters are hed fixed. The solid line shows the vdue of g(N)when a = 0.05 for vaues
of N from 0.5 to 0.9. There is a sngle equilibrium point corresponding to N » 0.81 where
the solid line crosses the horizontal axis. The dotted line shows g(N) for a = 0.075, thisis
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very amilar to the curve for a = 0.05 except that it is now dightly higher. There are now
three equilibrium points corresponding to N » 0.58, 0.67 and 0.79. The stability properties
of these points can be determined just as for the case considered above however we must
now make a linear approximation to the full equations (8) and (9) and adlow for the fact that
b is no longer congtant but a function of S and C. This introduces a few extra terms when
the partia derivetives are cdculated. The equilibrium points corresponding to the vaues N
» 0.58 and 0.79 prove to be attracting and the third equilibrium point proves to be a saddle

point.

5. Evaluating the model

Thefirgt point to note is that the effect in the overal modd of varying the parameters
is conagtent with what we would expect from the underlying logic of the individud
equations. As g, the strength of the flow from N to S is increased, the equilibrium leve of
crime G rises. The same is true of the parameters a and | . If m the rate a which
Susceptibles return to the category of Nonsusceptibles, isincreased, C. fdls Increasing the
effects of socia disgpprova by increasing the vaues taken by the function b aso leadsto a
fdl in the equilibrium leve of crime.

Second, and importantly, the mode is consstent with the key stylised fact about
crime rates. Namely that the variation across time and space gppears to be much more
subgtantid than that of externa factors such as socid and economic conditions which might
be thought of as possible contributors to the crimerate. A very wide range of vaues for Cx
can be generated by the modd when just one or two of the parameters are varied,
sometimes by relatively smdl amounts.

The exisence of such awide range of solutions arises from the bifurcation properties
of the modd discussed in section 4 above, which in turn are due to the nonlinearities
introduced by the socid interaction terms in the mode. In other words, it is the socid
interaction terms which give the mode its most distinguishing characteristic.

The properties of the mode can be illustrated by numerical smulations. We first
edtablish a suitable st of vaues of the parameters as a base case. We make a smple
gpproximation to guide our choice of the parameter m If weignore C, then in equilibrium the
flows between N and S must cancedl. Equating these flows gives N = nS and therefore if Sis
to be about 20 per cent of the population, we can take m=5. The proportion in the crimina
category depends on the balarce between the parameters a and | on the one hand and the



function b onthe other. If b istoo large, C is reduced to zero which is clearly unsatisfactory.
The choice of the function plotted in figure 1 and thevaluesa = 0.05 and| = 0.7 was made
after some experimentation.

These parameters give a Sngle stable equilibrium point with N = 0.80, S. = 0.16
and C+ = 0.04, that isto say the criminal category accounts for 4 per cent of the population.
These proportions are certainly redigtic for many of the Stuations the modd is intended to
describe.

Figure 3 shows the bifurcation that occurs as a is varied while the other parameters
are hdd fixed. The equilibrium vaues of G are plotted, the solid lines indicate the stable
equilibrium points and the saddle point is shown as a broken line. The value of a ranges
from 0.02 to 0.14 while the others have the values given above, i.e b1 = 0.1, b= 0.3, N¢
=0.75r =25,1 =0.7 and g =1 Thisilludrates a generd property of the mode in that
dightly different vaues for the other parameters aso lead to a bifurcation and give smilar
equilibrium vaues for C.. Bifurcations also occur when parameters other than a are varied.

When a lies between 0.06 and 0.105 there are two stable equilibrium levels of
crime, the lower leve of crimeisin the region of 5 to 10 per cent and the higher level ranges
from 25 to as much as 35 per cent. It isthe initid vaues of the solution that determine which
equilibrium is reached. For example, if a iscloseto 0.06 then provided theinitid value of C
is less than about 20 per cent, the solution will tend towards the low crime equilibrium. But
when a is nearer to the upper limit of 0.105 aninitid vauethat isonly asmal distance from
the low crime equilibrium would result in the solution tending towards the high leve of crime.

This is best viewed in terms of the postion of the initid vaue (S(0), C(0)) in the
trianguler region T. The equilibrium points and saddle points move about in T as the
parameter a is varied (figure 3 shows the C-coordinate of these movements). When a is
near 0.06 the high crime equilibrium and saddle point lie cose together. As a isincreased
the saddle point moves away from the high crime equilibrium and closer to the low
equilibrium. Broadly spesking, if a issuch that the initia vaue lies between the saddle point
and the low equilibrium, the solution will tend to the low equilibrium and smilarly for the high
equilibrium.

We can determine how much of the flow from Sinto C is due to the net effect of
socid and economic conditions and incentives, and how much is due to socid interaction.
For any values of S and C, the two components of this flow are given by aSand | SC
respectively. At the equilibrium point given above with N« = 0.80, S = 0.16 and C+ =
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0.04, they are gpproximately 0.0080 and 0.0045. Given the low proportion in the Crimina
category in this particular example, the rlative size of the two is not unreasonable. When the
parameter a is increased to 0.08 there ae two equilibrium points. The one with the higher
vaue of G has N- =0.58, S = 0.11 and C = 0.31, avery high proportion of criminds
such as might be found in certain inner-city neighbourhoods. In this case, thevdlue of aS. is
0.0087, very amilar © the low equilibrium solution above, but the value of | S+C- risesto
0.0239, indicating the crucid importance of the socid interaction terms in high crime
solutions. The flows from S to C in such circumstances are largely due to the socid
interaction term, to agents being influenced by the behaviour of those who are dready
criminds.

0. Conclusion

We have proposed in this paper an agpproach towards understanding the dynamics
of crime which is smilar to that used in mathematica biology to modd the spread or
containment of epidemics. A population, however defined, can be split conceptualy at any
point in time into three groups, those who are not interested at dl in committing crime, those
who are susceptible to become criminas, and those who are giminds. A system of
differentid equationsis set up to model the flows between these groups over time.

The strengths of the flows can be interpreted as corresponding to the main factors
identified in the empiricd literature as the causes of crime, sch as demographic movements,
general socid and economic conditions, and the positive and negative deterrence effects of
the crimind judtice system. Despite a voluminous literature, no firm quantitative conclusions
have emerged, and the modd can be used to explore the consequences for crime of
varidions in the respective strengths of such factors In principle, the modd could be
calibrated on adata set of particular crime rates

A key feature of the modd is the effect of socid interaction between agents, whose
exisence is widey documented in the generd literature of sociology. Socid interaction is
postulated to operate in two ways. Fird, the greater the proportion of agents in any given
population who are dready criminas, the more likely it is that any individud will convert into
becoming a crimind & any point in time. Second, the grester the proportion of the
population who are wholly disnterested in being criminals, the greater the pressure on those
who are criminas to become law-abiding.

The properties of the mode are competible with the key stylised fact about crime,
namely that variaions in the level of crime across time and space are much gregter than the
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vaiaions in variables such as socid and economic conditions which might be thought of as
potentialy important determinants of crime.

The socid interaction terms generate consderable nonlinearities in the leve of crime
associated with different combinations of the parameters, a point which might underlie the
wide differences which are reported in the empirica literature on the effects of various
factors on crime.

The socid interaction factors dso give a clear guiddine for policy. The bifurcations
in the model, and hence the existence of very high crime equilibria, depend upon these
fectors. Policies which reinforce respectable community values and which provide strong,
non-crimind role modds for those agents who are a any point in time most susceptible to
commit crime could have quite dramétic effects in reducing crime levesin high crime arees,
aswell as preventing explosons of crime in relatively low crime aress.
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Figure 1. Plot of b(N) againtsN.
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Figure 2. Plot of o(N) against N for two different values of the parameter a .
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Figure 3. The equilibrium values of C. for abifurcation asa isvaried.
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