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1. Introduction

Recent decades have seen mgor changes in the dructure of families in most
Western countries. In most countries, both the number of single, never married people and
of the divorced as a percentage of the adult population have risen, and the proportion of

those who are married hasfdlen.

A wide range of factors has been varioudy suggested as being responsible for the
changes which have taken place. According to the neoclassica mode of Becker et.d.
(1977), changes in economic incentives through, for example, the tax and benefit system,
and the increased independence of women brought about by rising red incomes and femae
labour force participation represent potentialy powerful explanations.

A large and inconclusive empiricd literature exists on the generd vdidity of the
Becker thess. Ermish (1996), for example, does note a correlaion across countries
between the rate of femae labour force participation and the level of divorce, but, as ever,
correation does not prove causation. Haskey (1996) points out the marked trend in the
UK for divorce to occur at shorter marriage durations with, for example, only 1 per cent of
the 1956 marriage cohort divorced during the firgt five years of marriage, compared to 13
per cent of the 1986 cohort. This evidence is certainly consstent with the view that the
increased economic independence of women enables a broader search procedure for a
partner to be carried out, to the extent of being willing to bresk up rapidly an unsatisfactory
relationship.

Oppenheimer (1995) contests this view, suggesting that the post-war American
experience of increased femae labour force participation with more stable marriages and
larger family Size offers evidence againgt the theory, though this is contradicted by England
and Farkas (1986) who use American attitudina data from the late 1950s and 1970s to



conclude that divorce becomes more readily ‘permitted when women have independent
eanings. Blossfed etd. (1995), usng data from nine countries on the links between
women's educationa experience and marriage and family formation, aso cam to find that
the evidence is not conggtent with the Becker hypothess, with the recent changes in
marriage patterns indicating that it is postponement rather than regjection of marriage which is

the mgjority experience

A dgriking festure of the evidence across OECD countries, however, is the sheer
diversity of experience of the different countries in terms of family formation. Whilst the
generd direction of trends towards more single and divorced people and fewer marrieds is
consstent across countries, a any point in time the structures differ considerably (Kuijsten,
1996). In the mid-1990s, for example, the divorce rates in Denmark, Finland and the UK
were some 25-50 per cent higher than in France and Germany and more than double the
rateinltaly.

Given the very drong degree of overdl economic smilarity between such countries,
reflected for example in income per heed, the patterns are consstent with the hypothesis that
non-economic, atitudina factors dso play a sgnificant role in patterns of family formation.
More generdly, much of the empirica literature refers to the potentia importance of these
factors, whilst a@ the same time pointing out the very consderable difficulties of gathering
such evidence in apracticd form.

The am of this paper is to develop an andyticd framework for examining the
dynamics of the evolution of family structures a the aggregate level which combines both
economic and attitudina eements. In other words, movements of an individua agent from
one type of family structure to another are postulated to depend upon two sets of factors.
These are, fird,, the net effect of the various economic incentives which exist and, second,

socid atitudes towards marriage and divorce.

An important festure of the mode is that the strength of the attitudina factorsis
endogenous. The greater the attachment of society to the concept of marriage, the more



likely it is for any given level of economic incentives that an individud will, for example, Say
married rather than become divorced. But the strength of this attachment is itself measured
a any point in time by the proportion of the relevant population which is married.

This feedback mechanism within the mode creates nort linearities, which in turn lead
to multiple equilibria. The consequence of these is thet the same leve of overal economic
incentives can be associated with different patterns of family structure. In other words, the
atitudina factors give rise to properties of the modd which are entirely consstent with akey
sylised fact about family structures in the West. Namdly, that countries a broadly smilar
levels of red income per head nevertheless exhibit consderable variation in therr family

structures.

Section 2 sets out the theoretical modd. In section 3, gives an illustrative cdibration
of the modd againg the family sructure of the UK in the mid-1990s. In section 4, we
examine the sengtivity of the results of the modd to varying the parameters from their
cdibrated vadues. Findly, an Appendix outlines the technicd detalls of the mathematica
andyss.

2. The theoretical modd of the evolution of family structures

The family structure of any population can be thought of as being made up of a set
of stocks and flows. The stocks represent the numbers of individuas within each category
or type of family in any given period, and the flows the changes in the stocks, such as the

numbers who move from married to divorced, during that particular period.

Schematicaly, the essence of the model can be set out very smply:

in other words, there is a flow from Sto M, a flow from M to D and a flow back from D

into M. An implication of thisis that divorced people re marrying only marry other people



who are divorced, and not singles. This amplifying assumption reduces the andyticd
complications of the model, which, aswe shal see, are already surprisngly consderable.

We abdtract from the widowed category, which could easily be added but would
not dter the important dynamics of the modd. We dso abgract from the co-habiting
category, S0 that the singles category contains both those who in practice are genuingly
single and those who are co-habiting. Murphy (1996) argues that in the UK increases in
cohabitation have partialy offset the decline in marriage, and Haskey (1995) shows that
premarital cohabitation is now a normd lifecourse stage in Britain. Berrington and Diamond
(1995), however, demondirate that as far as the UK is concerned, cohabitation is a short-
lived phenomenon. It does not seem unreasonable to omit what is in generd a purely
trangtory, short-term state between single and married status (dthough if the modd wereto
be gpplied to some of the Scandinavian countries, for example, an explicit cohabiting
category would become a desirable feature).

A natura way of andysing any system involving stocks and flowsisto try to capture
its key dementsin a sat of differentia equations. The basic idea of our modd is that at any
point in time an agent can be in one of anumber of potentid ates, namely single, married or
divorced. In the firgt instance, we describe the aggregate flows between such categories.
Even when the sysem as a whole is in equilibrium, there are iill flows of individud agents
between the sates. The flows depend upon factors such as the severity or otherwise of the
divorce lawvs and economic incentives given, for example, by the leve of femde red

incomes.

But, in addition, we introduce terms to capture the attitudina process of socid
emulation, or socid interaction. In orthodox economic theory, the tastes and preferences of
individuas are fixed, and agents carry out maximising behaviour given ther preferences.
However, we introduce terms which dlow for the behaviour of any agent to be dtered
directly by observing the behaviour of others.



Specificdly, the probability of any individud switching from single to married is
related to the proportion of the population who are dready married, and the probability of
married individuas becoming divorced is dso related to the proportion of the populaion
who are divorced. In this way, for example, any given change in the overdl economic
incentive to marry could have quite different effects in two countries identicd in every
respect except for theinitia paitern of family structure prevailing when the change is made.

Congder in the first instance the flow from M to D. At the level of the individud
agent, both the age of marriage and the marital experience of on€'s parents are known to be
good predictors of the probability of divorce (see, for, example, Kiernan (1986, 1997) and
Berington and Diamond (1997)). But these proximate predictors are themsdves
dependent upon a complex mix of socio-economic and attituding factors.

A paticular factor to congder is the effect of more libera divorce laws, though
Becker (1991, 1993), for example, argues that such legidation smply reflects economic and
socid change and does not have a causd impact. Once again the conventional empirica
evidence is inconclusive as the discusson on the US evidence in Allen (1992) and Peters
(1986, 1992) indicates. Smith (1997) considers evidence for the UK and finds that changes
in family law have had in generd a powerful but temporary effect on divorce rates, though
there is evidence of permanent effects for changes which have particularly affected the

transactions costs of marriage.

The flow from M to D is therefore postulated to depend in principle upon the net
overal effect of economic factors and changes in the divorce laws. In other words, we are
not attempting to identify the precise contribution of any single one of the potentidly wide
range of variables which might influence, for example, the economic decison to move from
married to divorced. Instead, we incorporate the net impact of such factors, whatever it
might be and how it might arise, into our modd.

These effects are assumed, in the spirit of smplicity and in the absence of decisive
evidence to indicate otherwise, to be smply proportionate to M.



The second key factor which we include in the determinants of the flow from M to
D isthat of socid customs or atitudes. Thisis represented initidly by the smple assumption
that the flow is proportiona to MD ie: the more who are divorced in a given population, the
more likely it isthat in any period an agent will convert from M to D. More redidicdly, this
relationship is itsdf likely to be non-linear. If only avery smdl proportion of the population
isin D, any change in this is unlikely to have much of an effect on the flow from M to D.
Smilarly, if avery substantid proportion isin D, smdl changes will not have much effect. In
other words, this rlationship is likely to be Sshaped eg: a logidtic-type curve. But this

complication is avoided for the moment. So we have:

dM/dt = -aM - | MD @

The flow out of D back into M is assumed, in the firg ingance, to be smply
proportiona to D

dD/dt = -gD 2

The flow from Sto M is again postulated to depend upon two factors:

- the net effect of economic factors such as the generd leve of tax and benefit
incentives and the economic independence of women given by the leve of red incomes and
the rate of femae labour participation

- cid customs

Thefirg of theseis assumed, for amplicity, to be proportiona to the numbersin the
Scategory.

The second is again represented by the smple assumption that the flow is

proportiond to SM ie: the more who are married in a given population, the more likdly it is



that in any period an agent will convert from S to M, though more redidicdly, this
relaionship isitsdf again likely to be non-linear.

So we have:

dSdt = -nS - dSM (€))

As the modd dands, S will eventudly be emptied. We therefore need to take
account of the fact that the S category is replenished by births. Assume births and deaths
are proportionate to the sze of the relevant category. Assume further that the overdl
population is gatic. This latter is not a bad gpproximation to redity in Europe, and has the
advantage of amplifying the analysis consderably.

Obvioudy, no-one is born married or divorced. So, in this basic form, the modd
can be written with the net growth in the population of S being equd to the fdl in the
population in M and D. In other words, the M and D equations could be augmented by,
respectively, -f ,M and -f ;D, and the S equation by ¢ ,M + f ;D). In practice, death
rates amongst the married and divorced are fairly smilar, so, in the spirit of keeping the
model as smple as possible in order to understand the key dynamics, assumethat f , = f 3
=f.

We can now pull the various bits together:

dS/dt = -nB - dSM + f (M + D) @)
dM/dt = 5 + dSM - aM - [ MD - fM + gD ®)
dD/dt = aM + [MD - fD - gD 6)

Aswith any system of differential equations, there are severd key tasks in andysing
the system described by equations (4) - (6):



i) to verify that in any solution of the equationsS + M + D is congant and equd to
the total population. This condition is required for the model to have meaningful solutions.

ii) to establish the existence or otherwise of equilibrium vaues (ie vdues of S, M and
D suchthat dS/dt = dM/dt = dD/dt = 0O) for which S, M and D are positive.

i) toestablish the tability properties of the equilibrium values,

By substituting the expression for D derivable from equation (6) into equations (4)
and (5), a cubic equation can be obtained. In other words, an explicit anaytical solution of
the sysem exigs. The actud solutions involve long combinations of the parameters of the
mode which it would be very tedious to list, although details are available from the authors!.
However, in summary, we can say thd, fird, the modd has three equilibrium solutions.
Second, that only one of these solutions satisfies the conditions in (ii) aove. Third, thet this
solution is an aitracting one.  In other words, the equilibrium solution in which we are

interested is stable.

However, as mentioned above, it is more redigtic to consider a system in which the

parametersd and | are themselves endogenous. Equation (4), for example, becomes

dS/dt = -n - dM)SM + f (M + D) ™
Smilaly, equation (5) becomes

dM/dt = nS + d(M)SM - aM - | (M)MD - fM + gD ®
and equation (6)
dD/dt = aM + | (M)MD - fD - gD ©))



whered(M) and | (M) are nontlinear, S shaped functions’.

3. Calibration of the theoretical mode

The next step isto try to parameterise the mode so that the solution in which we are
interested gives results which are smilar to those of ared life Stuaion

The past forty years have seen dramatic changes in family structure in the UK.
Comparing the early 1960s with the mid-1990s, the number of divorced people has risen
from around 400,000 to some 3 million. The population of singles of marriagegble age (ie:
never married over 18) has grown from some 10 to 13 million, whilst the number of married
people has remained congtant a around 27 million. Taking these as a percentage of the
total of the three categories, the percentage of singles has risen from 27 to 31, of divorced
from 1 to 7, whilst the married percentage has falen from 72 to 62. Thesefigures, whether
in level or percentage form, can be thought of as forming the stocks of S, M and D in our
modd.

In terms of annud flows (ie: the dS/dt, dM/dt, dD/dt terms), in the early 1960s there
were just under 400,000 marriages a year. In other words, around three-quarters of a
million people got married each year. By the mid-1990s, the number of marriages had falen
to some 330,000, despite the growth in the population. The number of divorces was 30-
40,000 ayear inthe early 1960s, and is now around 170,000 a year.

A substantia proportion of these changes took place in the decade from the late
1960s onwards and, athough the figures are not completely congtant, the 1990s have seen
less dramatic changes. As an approximation, we can regard the 1990s as being an
equilibrium outcome (ie: with dS/dt, dM/dt, dD/dt dl gpproximately zero). We are therefore

looking to choose parameters which lead to approximately the stocks and flows which we

1 The program Mathematicawas very helpful in andysing this system
2 The precise form adopted was........, whereh........, \VAS—
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observein actud datafor the UK in themid-1990s. Inprinciple, of course, the model could
be cdibrated against any set of data which could be reasonably represented as stable.

The modd cannot be cdibrated exactly against 1990s UK data, because the actua
Stuation is only an gpproximation to an equilibrium one. An important reason for thisis thet,
athough population growth islow, it is not actualy zero. Overdl, there are between 700 and
750,000 births each year and 300 -350,000 deaths. This has repercussions on our ability
to produce numerica results which are amost identica to the actua data not only for S, M,
D and dSdt, dM/dt, dD/dt, but for the various sub-component flows within the latter.
However, we are able to get close enough to then use the modd to examine the impact of

parameter - and by implication, policy - change.

The parameter most obvioudy affected by the low but non-zero population growth
isf , which in the mode represents both the birth and the death rate. Taking the average of
the two actud rates of 525,000 a year, it is easy to see that this should equd, in the modd,
f(M + D). Giventhaa M + D isjugt under 30 million, the implied vaue of f is 0.018.
(The precise vdue of the stocks we chooseis Sat 13.0 million, M at 26.6 million and D at
3.0 million).

The parameter q represents the re-marriage rate out of the stock of the divorced.
We assign a vaue of 0.06, which implies a totad number of re maried individuds of
0.06x3mn = 180,000 a year, a figure which is somewhat higher than in practice. The flow
from Sinto M is given by (m + dM)S. If we assume that 530,000 single individuas get
married each year, and dividing thisby 13 million (ie: the vaue of S), cdibrating the modd in

units of amillion, we obtain

m+ dM = 0.041

Thetotal number of marriages in the parameterised verdon of the modd istherefore
710,000, dightly higher than the actud data, but we have the property that the rate of

11



marriage from the divorced stock is greater than that out of the stock of singles, which is

congstent with the evidence.

The flow from the M to the D category each year is some 340,000 individuas. In
the modd, the flow out of M isgivenby (a + | D)M.

Obvioudy, there is awide range of vaues which could be used formd, a and | to
satisfy these two rdationships. But we can build up reasonable values step by step. In the
absence of evidence to the contrary, for example, it seems reasonable to assume that the

two parameters which determine the extent of socid interaction, d and | , should be equal.

Further, there is no obvious reason why the srength of socid interaction effects
should have dtered over the past thirty years or so. There were very few divorced people
in the 1960s, but the subsequent change is much more plausibly attributed to changes in the
vaue of a, representing the net effect of economic impacts and divorce laws, than it isto the
idea that individuas might suddenly have become far more susceptible to the influence of

others.

This latter argument sets quite strong upper limitson |, which we assign at 0.0005
and, on the previous argument, give d the samevaue. In turn, this choice implies avaue of
mof 0.028, given a value of M of 26.6. In other words, around two-thirds (0.028/0.041)
of the flow from Sto M is atributed to the net effect of economic factors, and one-third to
socid cugtonvinteraction.  Since the UK data for the mid-1990s do not represent an exact
equilibrium Situation, we need to introduce a certain amount of leeway, as it were, into the
choiceof g, which we set a 0.0080. (Given our choice of | and the actua vaues of M
and D, the parameter would take the value 0.0100).

In summary, the parameters are set a the following vaues.

a = 0.0080;d = 0.0005; | = 0.0005; m= 0.028;f = 0.018; q = 0.0060

12



which leadsto the solution S = 12.95,M = 264, D = 3.25, which isvery close to the
actual vaues of, respectively, 13.0, 26.6 and 3.0.

In the modd, the terms dSM and | MD introduce non linearities which complicate
very consderably the analyss of the modd. However, in the immediate neighbourhood of
the vaues of d and | which are chosen to cdibrate the model numericaly, relationships are
only moderatdy norntlinear. We therefore examined the sengtivity of the andytica
properties of the mode when a more explicit S shgped functiona relationship is used to

represent the social custom factors.

Using the flow from S to M as the example, in the mode as it Sands, the socid
custom term is given by dSM. To introduce a stronger degree of non linearity, we make d
afunction of M, s0 that the term becomes d(M)SM. The choice of the tanh functiond form,
suitably scaed, gives the kind of S-shaped relationship for which we arelooking. The point
of inflexion of the curve and the dopein its neighbourhood can be set as parameters.

Introducing this kind of relaionship makes the andyss of the sysem even more
complicated, and an outline of the gpproach adopted is set out in the Appendix.

Essntidly, we are interested in whether the use of the more nonlinear socid
cusom terms changes the andlyticd properties of the system. In the modd given by
equations (4) - (6), there is a Ingle dtracting equilibrium solution, which adso satidfies the
conditionsthat S, M and D are dl postive.

In summary, it is possible to choose d(M) such thet a second attracting equilibrium
solution is created, and which aso satisfies the requirements of common sense set out in the
previous paragragph.  An implication of this is thet, depending upon how close any given
vaues of, say, a and mareto the point of bifurcation, smal changes in these parameters can
lead to rlatively large changes in the vdues of S, M and D, as the system moves from the
basin of attraction of one of the stable solutions to the other.
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4. Sensitivity analysis of the calibrated moded and itsimplications

Table 1 summarises the effect on the equilibrium solution of varying, inturn, a and m
from their vaues in what we can cdl the *base solution’” set out at the end of paragraph 8.
We examine the effect of halving the values of each of the parameters, of increasing them by
50 per cent, and also of doubling them.

It is important to note that we are not saying how, in practice, the impact of the net
effects summarised by each of these parameters can be halved or doubled, or whatever.
We are examining the implications if changes leading to effects of this magnitude on the
parameters could be carried out.

Table 1. Impact of varying a and m separ ately, from valuesin base solution

S M D
base solution 12.95 26.4 3.25
2a 13.25 23.6 5.7
15a 13.1 24.9 4.55
0.5a 12.75 28.05 1.75
2m 8.6 30.2 3.85
15m 10.3 28.7 3.6
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0.5m 17.8 22.15 2.65

The parameter a represents the net impact of economic factors and the divorce
laws on the flow from M to D. The main impact on the equilibrium vaues of the stocks
when a is dtered is therefore on M and D, though S dso changes through the dSM term
because M itsdf changes Smilarly, changesin mmainly affect Sand M, but dso D through
the | MD term.

One way of gaining a perspective on the smulationsis to consgder whet the sizes of
S, M and D would be if the percentage share of each in the total which existed in the early
1960s obtained in the mid-1990s. There would now be gpproximately 11.5 million people
in the S category, 30.5 millionin M and 0.5 millionin D.

This example is not used, it must be emphasised, because we wish in some way to
‘turn the clock back’ and restore the overdl socid Stuaion which exiged in the early
1960s. But, rightly or wrongly, much of the policy discusson contrasts family outcomes
now with those which prevailed in the 1950s and 1960s. These figures should be seen asa
benchmark with which to judge how essy or difficult it might be for policy changes to bring
about a smilar outcome now, without necessaxily taking a view on the desirability of such an

outcome.

The parameter msummarises the net effect of economic factors an the flow from S
to M. Table 1 suggests that the changes required to encourage sufficient numbers to move
out of Sto reduce the totd to 11.5 million are not absolutely enormous. Anincreasein mof

around 30 per cent would be sufficient.

However, the effect of varying a is such that it appears to be impossible to reduce
the numbers in the divorced category (by this route done) without making truly dramatic
policy changes, such as very marked tightening of the divorce laws. Halving the effect of a
does have a subgtantial impact on the numbers in D, reducing them by some 1.5 million, or

15



by amost 50 per cent. But there would ill be 1.75 miillion people in the D category, in
contrast to the 0.5 million who would bein it if the proportions of the 1960s obtained now.

It is easy to think of the kinds of policies which would change a and m both up and
down. It is more chalenging to imagine how the socid custom parameters, d and | might
be atered, dthough the present government appears to bdieve that public exhortation is one
way in which this might hgppen. Table 2 sets out the impact of varying these two
parameters on the equilibrium solutions.
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Table2. Impact of varyingd and | , separately, from valuesin base solution

S M D
base solution
(d=1 =0.0005) 12.95 26.4 3.25
d 0.0001 15.85 23.85 29
0.0010 10.25 28.75 3.6
0.0020 7.0 315 4.05
0.0001 12.90 26.85 2.85
0.0010 13.05 25.65 39
0.0020 13.3 23.35 5.95

The results of Table 2 are in akey respect Smilar to those of Table 1. Namely, that
encouraging the flow from S to M appears to be easier to bring about than discouraging
flowsfrom M to D. In fact, there is very little to be gained by even a dramatic reduction in

the socia custom parameter, | , in terms of reducing the numbersin the D category.

A dear implication of the sengtivity andyss is that the main agent of change to
family structures in the UK has been changes in the parameter mand, to some extent,
through the changes in divorce law, a. In other words, that the changes are to a
consderable extent due to the impact of rising real incomes and labour force participation on

the economic independence of women

5. Conclusion
The conventiona empirica literature on the causes of changesin family structuresis

extendve but inconclusve. For example, some sudies offer evidence which is consstent

with the hypothess that an important reason for the rise in divorce in the West is the
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increased economic independence of women, whilst others suggest that it should be
rejected.

Much of this literature suggests thet attituding factors aso play a sgnificant role in
patterns of family formation, whilgt a the same time pointing out the very condderable
difficulties of gathering such evidence in apracticd form.

In this paper, we develop an andyticd framework for examining the dynamics of the
evolution of family structures at the aggregate level which combines both economic and
atitudind dements. The family structure of any population can be thought of as being made
up of aset of gocks and flows. The stocks represent the numbers of individuas within each
category or type of family in any given period, and the flows the changes in the stocks, such
as the numbers who move from married to divorced, during that particular period.

A naurd way of describing any system involving stocks and flows is to try to
capture its key dementsin aset of differential equations. The basic idea of our modd is that
a any point in time an agent can be in one of three potentia states, namely single, married or
divorced (It is possible to generdise the modd to introduce other categories such as co-
habitation). The flows between the various states are determined by the overal net impact
of economic factors, such as the tax and benefit regime, femae real wages and labour force
participation, and inditutiona changes such as modifications of the divorce laws.

In addition, we introduce terms to capture the attitudina process of sociad emulation,
or socid interaction, which dlow for the behaviour of any agent to be dtered directly by
observing the behaviour of others. Specificdly, the probability of any individud switching
from dsngle to married is related to the proportion of the population who are aready
married, and the probability of married individuas becoming divorced is dso related to the
proportion of the population who are divorced.

18



We do not make any explict assumptions about the impacts of the various potentia
determnants of flows between the different family types, but smply include their overdl, net
effects as parametersinto the model.

The socid interaction terms introduce nontlinegrities into the mode, but nevertheless
it hasadngle, dtracting equilibrium solution.  The data for the UK in the 1990s can be
regarded as an gpproximation to an equilibrium, in thet the numbers in each of the three
categories in our modd is gpproximately condant (ie ther rates of change ae
approximately zero). We therefore calibrate our model againg this data

We carry out sengtivity andyds of the equilibrium solution of the modd by varying
the vaues of the parameters from their cdibrated vaues. Specificdly, we investigate the
magnitude of changesin the parameters which would be required to leed to a solution Smilar
to that which prevailed in the UK in the early 1960s. A clear implication of the sengtivity
andysisistha the changes in family strucuture in the UK over the past three decades or 0
are to a condderable extent due to the impact of risng red incomes and labour force

participation on the economic independence of women.
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Appendix

To smplify the andyss, we interpret S, M and D as proportions of the population,
and complete the system with the identity

S+M+D=1 ™
Thisisused to diminate D from equations (4) and (5).
Thetwo-equation mode we andyseis
dS/dt = -nB - dSM + f (1 - S) G
dM/dt = S + dSM - aM - | M(1 -S -M) - fM + g(1 -S -M) ©)

A further smplification was to normdise the parameters with respect to f , the birth and
degth rate. By setting f equdl to 1, aparameter is eliminated.

In order to be able to use the model, we require that the solutions S(t) and M(t) to
equations (8) and (9) both lie between 0 and 1 and in addition that S(t) + M(t) islessthan 1
sothat D(t) =1 - S(t) - M(t) dso liesbetween 0 and 1. This can be summarised negtly ina
geometrica way by saying that the point (S(t), M(t)) mugt liein the triangular region T of the
plane defined by

T={(SM):0£SE£1L0EME£L1andOES+ME 1}
for dl vaues of t.

Any system of differentid equations, such as (8) and (9), is equivaent to a vector
fidd. In this case, the vector field associates the point with co-ordinates (S, M) in the plane
with the vector (dS/dt, dM/dt). A solution of the equations (S(t), M(t)) traces out an
unbroken curve in the plane ast increases. It has the property that a each point (S, M) on
the curve, the tangent to the curve is the vaue of the vector field a that point, i.e. (dS/dt,
dM/dt).

Viewing the equations as a vector field it becomes clear that in order to show that a
solution with vaid initid vaues remains in theregion T, we Smply need to verify thet a each
point on the boundary of T the vector fied given by (dS/dt, dM/dt) points towards the
interior of T. This ensures that a solution that Sartsintheregion T Saysingde T sinceit can
not crossits boundary.

The gtahility properties of an equilibrium point can be determined by making a linear

goproximation to the actua equations and then examining the Sability of the linear
goproximeation.
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Denote an equilibrium solution of (8) and (9) by (S., M.). W e need first to make a
linear approximation to the vector field that holds good in the neighbourhood of (S., M.).
The vector field can be regarded as a map from two dimensiona space to two dimensiona
space. The derivative of this map evauaed a the point (S, M) gives the linear
goproximation we are looking for. The derivative can be written as a matrix A. The
derivative of the vector fied involves the partid derivatives of each of the right hand sides of
eguations (8) and (9) with respect to the variables S and M.

The red parts of the eigenvaues of the matrix A show directly the stability properties
of the solution.

Finding the equilibrium points for the equations in which ether/or both d and |
depend upon the vaues of, respectively, M and D is congderably more difficult than the
case discussed above.

Congder by way of example letting | depend upon the vaue of D. The point (S.,
M..) will be an equilibrium point for equations (8) and (9) if it happens to coincide with the
equilibrium pont for the case where | is congtant and takesthe valuel =1 (1- S. - M.).
We can use agraphical method to find the point where they coincide.

Suppose for the moment that D is fixed. The vaue of D determines the value taken
by the function | . For any constant| we can find an equilibrium paoint (S, M-). Let (S (D),
M. (D)) be the equilibrium point for the vaue of | given by D. The vdue of D ds0
determinesalineinT,i.e D=1- S- M can berearranged to give M intermsof S,

M=(1-D)- S

which is the equation of aline with adope of - 1 intercepting theM-axisat 1 - D. We have
found an equilibrium paint if (S.(D), M..(D)) lieson thisline

We define a function gto measure the vertical distance between the point and the
line,

oD) =M.(D) - (1- D)- S(D)).

By plotting ¢D) against D, the vaues D. for which g(D.) = 0 can be found. The equilibrium
points are then the points (S-(D), M« (D)) corresponding to D = D..
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